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I. Introduction 



A first step into the direction of a quantisation of the notions of algebraic 
geometry (cf. Ref. 1) is the quantisation of the three fundamental one- 
dimensional complex domains: the complex plane, the Riemannian sphere 
and the complex upper half plane. Quantum planes were considered in Ref. 2. 
Quantum Riemannian spheres are discussed in Ref. 3 and Ref. 4. A quantum 
upper half plane appears firstly in Ref. 5 (for certain other quantisations of 
the upper half plane see also Remark 7). In this letter we consider the case 
of the quantum complex upper half plane. 

In the theory of quantum groups the classification of certain Poisson struc- 
tures gives generally a good insight into the problem of the classification of 
quantum structures. At first we give the full solution of the classification 
problem in the classical limit (i.e. the description of all possible SL(2, JR)- 
covariant Poisson structures for the upper half plane with respect to the 
action of all possible multiplicative Poisson structures on SX(2,IR)). Fur- 
ther we describe classes of quantum structures, which reproduce all listed 
Poisson structures in the classical limit. We obtain two-parameter quantisa- 
tions of the upper half plane for every action of one of the quantum groups 
SX,(2,IR), 517,(1,1) and SX fc (2,IEi). 

II. Preliminaries 

In this section we introduce the basic concepts (see also Ref. 5, Ref. 6 and 
Ref. 7). Let (A, A,e) be a Hopf algebra. A left quantum space (H, 0) is 
an algebra H along with an algebra homomorphism : H — > A ® H such 
that (A Cg> id)(p = (id ® 0)0 and (e <S> id)<f> = id. Two left quantum spaces 
(Hi, 0i), (H 2 , 02) are isomorphic if there is an algebra isomorphism h : Hi — > 
H 2 , such that 2 o h — (id <g> h) o 0i. Further consider commutative Hopf 
algebras and commutative quantum spaces. We say that the Poisson bracket 
{.,.} on A is multiplicative if {A(x), A(2/)}a®a = A({x, y}), where A <g> A 
carries the Poisson structure of the direct product. We call a Poisson bracket 
{.,.} on H covariant if {(f>(x), 0(2/)}a®h = <P({x,y}), where A <g> H carries 
the direct product structure from A and H. We say that two multiplicative 
or covariant, respectively, Poisson brackets on A and, respectively, H are 
equivalent if they intertwine with an automorphism of A and, respectively, 
H. 

III. The classical case 

A. Poisson-Structures on SL(2, IR) 

Let A = IR[a, b, c, d]/(ad — be — 1) be the commutative unital algebra of 



2 



polynomial functions in the coordinates of 



SL(2,M) 



a b 
c d 



a, b, c, d G IR, ad — bd = 1 



A becomes an Hopf algebra with respect to the Hopf multiplication 

^ ( a b j _ ( a (g> a + 5 Cg> c a®b + b®d\ 
\c d J ~ \ c® a + d(g) c c®b + d®d) 

and the counit e with 

'o 6\ / 1 \ 



e 



c d [01 



A has the coinverse k with 

K f a >) = ( d -"). 

y c d J y — c ay 

We consider three types of multiplicative Poisson algebras A A , Af and 
A": 

1. A£ = (A,{,} A ), AeE, A ^0, with 



{a,6} A 


= Xab, 


{a,c} A 


= Aac, 


{a,d} A 


= 2A6c, 


{Ma 


= o, 




= Xbd, 


{c, 4 A 


= Xcd; 



2. Af = (A,{,} A ), A>0, with 



{a,b} x 


= X(l-a 2 -b 2 ), 


{a,c} x 


= X(a 2 + c 2 -l), 


{a,d} x 


= X(a — d)(b — c), 


{b,c} x 


= X(a + d)(b + c), 
= X(b 2 + d 2 -l), 


{b,d} x 


{c,d} x 


= A(l - c 2 - d 2 ) 



and 

3. A^ = (A, {, }) with 



{a, 6} = (l-o 2 ), 

{a,c} = c 2 , 

{a,d} = c(d — a), 

{b,c} = c(d + a), 

{b,d} = (d 2 -l), 

{ c ,d} = -c 2 . 
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A% (A G IR, A ^ 0), (A > 0) and A N we shortly denote by A[ 
(I = A,K,N). 

Remark 1 The notation A{ with / = A, K, N is justified by the fact, that 
the Poisson brackets of Af , Af and A^, respectively, vanish on the subgroups 
of the KAN-decomposition 



G A = 




G 



K 



cos x sin x 
■ sin x cos x 



and 



respectively. 



Gn — 




xeM 



x G [0,2tt) 



x g IR 



Proposition 1 Every nontrivial multiplicative Poisson structure on A is 
equivalent to one of the structures A^ (A ^ 0), Af- (A > 0), A^. All these 
structures are non- equivalent. 

Proof. We give a scetch proof. Set g = sl(2, IR). Because H 1 ^, gAg) = 0, 
every Poisson structure on SL(2, IR) arises from a classical r-matrix r e #A(?, 
which satisfies the modified classical Yang Baxter equation (Afadr)C(r) = 
0, Vrr G g with a certain element C(r) G g A g A g (cf. Ref. 6). Because 
^ = s/(2, IR) is a simple Lie algebra, the one-dimensional representation A\ad 
is trivial. That is, the MCYBE is satisfied for every r G g. 

To show, that two structures are equivalent, it is enough to show that their 
r-matrices are connected by an automorphism of s/(2, IR). All automorphisms 
are generated by inner automorphisms (i.e. the adjoint action of SX(2,IR)) 
and the automorphism a with 





Let e_ 



and 



/ 1 \ / 1 \ /oo 
o )> eo= [o -l J' ei= (i o / 

r = ae\ A e_i + l3e Q A e\ + 7e A e_i. Studying the adjoint action A\Ad of 
SL(2, IR) and the action of a on r G g A g we recognize, that r is equivalent 
to one of the following elements 



r x = 



Aei A e_i, A G IR, A 7^ 

A(e A ei + e A e_i), A > 0, 
e A ei, 
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All these elements are non-equivalent. 

Because A consists of the matrix elements of the finite dimensional rep- 
resentations p : SX(2,IR) — > IR n , one can give the Poisson structures by the 
formula 

{h(pi(g)vi),l 2 (p 2 (g)v 2 )} = (h ®l 2 )([(pi <S> p 2 )(r ),p 1 (g) <g> p 2 (sOH ®v 2 ) 

(v G M d ,l G (M d )*, cf. Ref. 8). The structures Af, Af , A^, correspond to 
the above normal forms rf, r^,r N for r. □ 

B. Poisson structures on the upper half plane 

Further consider the subalgebra H C A generated by the elements A = 
a 2 + b 2 , B = ac + bd, D = c 2 + d 2 (cf. Ref. 5) and the left coaction 
= A| H :H^A<g>H with 

(f)(A) = a 2 <g> A + b 2 <g> D + 2ab® B, 
0(£)) = c 2 <g> A + d 2 <g> D + 2cd <g> B, 
(f)(B) = ac® A + bd® D + (ad + bc) <g> B. 

By the next proposition we give a complete classification of all possible 
covariant Poisson structures on H with respect to A{. 

Proposition 2 1. All with respect to PJ X covariant Poisson structures are 
given by the one-parameter series: 
(i) (X G JR, A ^ 0, p G IRJ 

{A 5} = 2XA(B + p), 
{A, D} = AXB(B + p), 
{B,D} = 2XD(B + p), 

(it) H*„ (\>0,peM) 

{A, B} = 2XA(A + D + p), 
{A, D} = 4XB(A + D + p), 
{B,D} = 2XD(A + D + p), 

(in) (p G JR) 

{A, B} = 2A{D + p), 
{A,D} = AB(D + p), 
{B, D} = 2D{D + p) 
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for I = n. 

2. Two Poisson algebras Hj^ and Hj^ are equivalent if and only if 
| A*i | = | A*2 1 - 

Proof. 1. All left invariant Poisson stuctures (i.e. 0({x, y}) = {</>(x), </>(y)}, 
Vx, t/6H, where A®H carries a Poisson structure which is the direct product 
of the zero structure on A and of the structure on H) are given by 

{A,B} = 2fiA, 
{A, D} = 4/iB, 
{B,D} = 2fiD, 

(/j, G IR). We obtain the above formulas by the calculation for a fixed fi (for 
example /j, — 0) and from the fact that the difference of two left covariant 
structures is left invariant (cf. Ref. 7). 

2. The proof of the equivalence follows from the fact that (H, 0) has the 
unique automorphism x — > —x, Vi 6 H. □ 

The following Proposition shows, that we can realize the Poisson algebras 
Hj^ as subalgebras of A{. 

Consider subalgebras H a)j g i7 C A generated by elements A,B,D e A with 

A : = aa 2 + (3b 2 + 2>yab, 

B : = aac + (3bd + ^(ad + be), 

D: = ac 2 + (3d 2 + 2-fcd. 

We have Hi^o = H and the correspondence between A, B, D and the over- 
lined elements, arranges an isomorphism H a;/ g i7 = H (i.e. AD — B 2 = 1), if 
and only if a(3 — 7 2 = 1. 

Proposition 3 Let a (3 — 7 2 = 1. Then H a ,p,-y ^ a Poisson subalgebra of A{ 
and we have 

(i) H Q!/3i7 = Hf_ 7 , 

(ii) R aAl = m_ a _p and 
(Hi) R aAl - HjJ.,. 

Proof. The isomorphics can be verified by an explicite calculation. 

Remark 2 The preceeding Proposition admits the realisation of all H{ 
by H a;( a )7 with real a, /3,7 except the cases and H^- , \fi\ < 2. For 
example = - H ^ +v ^ ,W^ n and - H_i . 

2 ' 2 ' U M 

In the other cases we have only complex realisations, for example Hj^ = 
H M+iv ^r^2 M _ iv ^r^2 and = H ,o,i- The realisations are not unique. 
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C. Geometric interpretation 

There is an interpretation of the parameter \x in terms of fixed points zq of 
the upper half plane. 

Let z — >■ be the usual action of SL(2, IR) on the complex coordinate 
z = x + iy, y > of the upper half plane, i.e. 

ac(x 2 + y 2 ) + (ad + bc)x + bd 
X ~* c 2 (x 2 + y 2 ) + 2cdx + d 2 ' 

y 

y — > • 

c 2 (x 2 + y 2 ) + 2cdx + d 2 

Further let G zo be the subgroup of SX(2, IR), which fixes the point z = 
%o + iyo, yo > 0. It follows that the functions 

_ , , _ ac(xl + y 2 ) + (ad + bc)x + bd 

X ~ m ' C ' } ~ c 2 (x 2 + y 2 ) + 2cdx + d 2 

and 

y = y(a,b,c,d) = 



c 2 (xq + yl) + 2c<ir + d 2 

are left G 20 -invariant and can be identified with functions on G zo \ G. We 
recognize that B = xy^ 1 , D = y^ 1 generate H x 2 ^ i . For the parameter 

y{>+ ~) ' Uo 'yo 

fj, we get the interpretation 

li = ctg(arg(^)) = jg}, if / = A 

" = -sfe. ifJ = Ar - 

We remark, that x, y ^ H = IRL4,S,S] and A,B,D £ H' := IR[x,y], 
but H and H' are dense subalgebras of the algebra of smooth functions on 
the upper half plane (H and H' are dense on every compact subset). With 
respect to the xy-coordinates the Poisson brackets have the form 



if / = A, 

if I = K and 



{x,y} = -2\(xy + fiy 2 ) 

{x, y} = -2\(x 2 y + y + y 3 + fiy 2 ) 
{x,y} = -2(y + fiy 2 ) 



if I = N. 

IV. The quantum case 
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A. The Quantum groups A\ 

First we recall the definition of the three known quantum deformations of 
SX(2,IR). 

The Poisson algebras A{ correspond to the quantum algebras A£ (h G 
IR, h ^ 2nn, n E IN), Af (h > 0) and A N . For all these algebras we 
write shortly A{ (I = A, K, N). The algebras A{ are generated by elements 
a, b, c, d and relations 

ab = e lh ba, 
ac = e lh ca, 
bd = e ih db, 
cd = e lh dc, 
be = cb. 



ad — 


da 


= (e ih - e-' lh )bc, 


ad — e 1 ' 


l bc 


= da-e~ ih cb = l, (h^2im), 


= A, 






ab — ba 




\h(l-a 2 -b 2 ), 


ac — ca 




ih(a 2 + c 2 - 1), 


bd — db 




ih(b 2 + d 2 - 1), 


cd — dc 




ih(l -c 2 -d 2 ), 


ad - da 




ih(ab + ba + ac + ca + bd + db + cd + dc), 


be — cb 




ih(ab + ba — ac — ca — bd — db + cd + dc), 


ad + da — be — cb 




2 + h(2-a 2 -b 2 -c 2 -d 2 ), (h>0), 



for I = K and 

ab — ba = i(l — a 2 ), 
ac — ca = ic 2 , 
bd-db = i(d 2 -l), 
cd — dc = —ic 2 , 
ad — da = ic(d — a), 
be — cb = i(dc + ca), 
ad — bc + iac = da — cb — '\ca=\. 

for I — N. 

The algebras A{ become Hopf algebras with respect to the Hopf multi- 
plication 

a b \ _ ( a <S> a + b £g> c a®b + b®d\ 
c d I \ c®a + d®c c®b + d®d I 



A 



and Hopf *-algebras with respect to the involution 
a* := a, b* := b, c* := c, d* := d. 
The counit e is given by 
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a b \ _ ( 1 
c d ) ~ { 1 



and the coinverse k is given by 



for I = A, 



K 



a b \ _ ( d —q l b 
c d J \ —qc a 



If, 2-2h 2 , . 2-2/i 2 2h , 2/i \ 

K(a) = 4( (2 -TT7^ )a + (2 + TT7^ )<i -TTtf' , -TTtf c j' 

1/2 2 , ,„ 2-2ft\, ,„ 2-2A 2 , \ 

1 / 2 2 , , rt 2-2h 2 , 7 , n 2-2h 2 , \ 

K ( c ) = 7 h — ^ a "l — rj d + 2 --i — ro-)6 - (2 + — c , 

4 \ 1 + /i 2 l + /i 2 1 + /i 2 1 + /i 2 / 

1 A 2-2fc 2 , . 2-2/i 2 2/i , 2/i \ 

for I = K and 

/a 6 \ _ / d + c —b+(d — a + c)\ 



c d I \ — c a — c 



for I = N. 



Remark 3 is equivalent to the quantum group SU q (l, 1), q e IR which 
is given by elements a, a*, (3, (3* and relations 

a(3 = qj3a, 

a(3* = qf3*a, 

(3(3* = (3*(3, 

Pa* = qa*(3, 

[3* a * = qa*[3*, 

aa* - q 2 (3[3* = a*a - (3*(3 = I. 

The formulas of SU q (l, 1) and A% are connected by the transformation of 
the deformation parameter h = and by the "quantum Cayley transfor- 
mation" of the matrix elements 

a := -(a + d + i(b — c)), 
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a* := -(a + d + i(-b + c)), 
(3 := ±( a -d-i(& + c)), 
P* := ha-d + i(b + c)). 

Remark 4 Instead of one considers Hopf *-algebras SLh(2,fR), 

(h ^ 0) where the algebra structure is replaced by 

ab — ba = ih(l — a 2 ), ac — ca = ihc 2 , bd — db = ih(d 2 — 1), 
cd — dc = —ihc 2 , ad — da = ihc(d — a), be — cb = ih(dc + ca), 
ad — be + i/iac = da — cb — ihea = 1 

(cf. Ref. 9 and Ref. 10). All these structures are equivalent to A N by the 

Hopf *-algebra isomorphism a — » a, b —> hb, c — > ^c, d — > d. 



B. The quantum spaces (7i( fc rf , 0) 
1. The algebras 7Y£ fc d 

The Poisson algebras H{ correspond to the algebras 7~th,k,d (/i 7^ 27rn), Ti.^,k,d 
(h > 0), d , fc, d e IR. For all these algebras we write shortly fc d . 

We define the H I h kd as algebras which are generated by elements A,B,C,D 
and relations 

C = e~' lh B + k{l-e' lh ), 

AB = e 2[h BA + k(l- e 2[h )A, 

BD = e 2lh DB + k(l — e 2ih )D, 

AD-e 2ih BC = d + k(l-e 2ih )B, 
DA-e~ 2ih CB = d + k(l-e- 2ih )B, (h^2nn), 



for I 



C = B -ih(A + D + k), 

AB-BA = ih(2kA + 2A 2 + AD + BC), 

BD-DB = ih(2kD + 2D 2 + AD + CB), 

AD-B 2 = d + ih(kB + AB + BD), 

DA-C 2 = d-ih(kC + CA + DC), (h>0), 



for / = K and 



C = B - i(D + k), 

AB-BA = 2iA(D + k) — 2B(D + k), 

BD-DB = 2iD(D + k), 

AD-BC = d + 2iB(D + k), 

DA-CB = d-2i(D + k)C 
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for I — N. 

The algebras Ti-l^^ become *-algebras with respect to the involutions 
A*:=A, D*:=D, B* := C = e~ ih B + fc(l - e" i?i ), C* := B 
for I = A, 

A* := A, D* := D, B* := C = B - ih(A + D + k), C* := B 
for I = K and 

A*:=A, D* := D, B* := C = B — i(D + k), C* := B 
for I = N. 

Remark 5 Formally we recover the Poisson structures of subsection III.B 
in the limit t — > oo, if we set B = C, q = \t, k = fi, d = 1 and {x,y} := 
]im±[x,y]. 

Next we show, that we can realize the *-algebras H} h k d as *-subalgebras 
of A{. Let 



A 
B 
C 
D 



= aa 2 + f3b 2 + >y(ab + ba), 

= aac + j3bd + ^(ad + be), 

= aca + /3db + ^(da + cb), 

= ac 2 + [3d 2 + >y(cd + dc). 



Proposition 4 Let a,P,j G H. A, B, C, D satisfy the relations of 
(H) Hh-a-faf,-^ and 

Proof. The proof can be given by an explicite calculation. 

Remark 6 Proposition 4 admits the realisation of all li} h k d , with real a, (3, 7 
without the cases Hh 0d , \k\ < 2 and H^ od , d > 0. For example H^ kd = 



fc 2 -4 k-Vk' 2 - 



and 7i 



N ~ 
h,k,d 



n 



-i ,-»!,o- 



In other cases 



we have only complex realisations, for example 

^h,k,d — -^ fc+iy / 4^fc2 fc-iy / 4^fc2 Q aI1 d ^0,0,iVd ~ ^h,Q,d- 
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Remark 7 1. The special case Wi,i,o — H^ 01 was first mentioned in Ref. 
5, p. 188. 

2. The formulas for Ti^ kd are similar those from Podles' sphere C(X^ X , P ) 
(cf. Ref. 4). Both can be specified from the complex quantum space z. q ,\,p 
of SL q (2,C) from Ref. 11 by fixing certain involutions. 

3. In Ref. 12 the quantum spaces Ti a ,/3,o — Wya/?) > were considered. 

4. The quantum spaces Ti^ kd correspond to one-parameter series of quantum 
discs C^ q (U) in Ref. 13. Formally the correspondence is arranged by the 
quantum Cayley transformation (cf. Remark 3). 

2. The coaction of A{ on Ti I hkd 

We will describe an coaction 0, i.e. an homomorphism : W£ fe d — > -Mi ® 
Til k d with (A ® id)(j) = (id <g> 0)0 and (e ® id)0 = id such that we can call 
(Ti.fr k d , 0) a quantum space with respect to A l h . 

According to Remark 6 consider Ti I hkd as a subalgebra of A J h , i.e. we 
identify A, B, C, D with A, B, C, Z). We obtain (independent from /, h, k, d) 

A(A) = a 2 ® A + b 2 ® D + ab® B + ba®C, 

A(D) = c 2 ®A + d 2 ®D + cd®B + dc®C, 

A(B) = ac®A + bd®D + ad®B + bc®C, 

A(C) = ca®A + db®D + cb®B + da®C. 

That is, Tifr k d is a left coideal of Al and we have proven the following 
proposition. 

Proposition 5 The homomorphism : Ti J hkd — > A\ ® Ti 1 ^^ : <p := A\ n i ^ ^ 
defines a left coaction, that is (Til k d , 0) are left quantum spaces. 

Remark 8 Every W£ fc d is equivalent to one of the quantum spaces 

n_/I n/I 

n h,k,±V n h,k,0 

with k > 0. 

Proof. We achieve k G [0, oo) because of the automorphism X — > — X, 
X G Ti\ l k d , and we achieve c? = 0, ±1 by the reparametrisation X — > — 4=X, 
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